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PREFACE 



Study of algebraic structures built using [0, n) happens to be 
one of an interesting and innovative research. Here in this book 
authors define non associative algebraic structures using the 
interval [0. n). 

Here we define two types of groupoids using [0, n) both of 
them are of infinite order. 

It is an open conjecture to find whether these new class of 
groupoids satisfy any of the special identities like Moufang 
identity or Bol identity or Brack identity or so on. We know on 
[0, n) we cannot build rings only pseudo rings, however in this 
book we use these type I and type II groupoids to build non 
associative rings and semirings. Several interesting results are 
derived and some open problems are suggested. 
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Chapter One 



Mtoductov 



In this book the authors have constructed non associative 
algebraic structures like groupoids of type I and type II and non 
associative semirings and rings using the interval [0, n). This 
study is new and innovative leading to several new non 
associative algebraic structures. 

Using [0, n) we are in a position to build infinite number of 
groupoids all of infinite order. Thus we have a natural way of 
constructing infinite order groupoids. These groupoids can be 
commutative or non commutative but they arc always non 
associative. 

We build type I groupoids and type II groupoids. For 
groupoids in general refer [18. 20-1, 23, 31]. 

These groupoids behave in a very unusual way for it is an 
open conjecture to find type II groupoids to satisfy any of the 
special identities. 

Using these type I and type II groupoids we build type I and 
type II rings and semirings which are non associative. 
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Study of these new algebraic structures is innovative and 
interesting. We have derived several interesting features about 
these structures. 

Using [0, n); authors have constructed associative algebraic 
structures like semigroups, groups, semirings and special 
interval pseudo rings [42], 

Infact we are not in a position to get a ring or a field 
structure as the distributive laws a (b + c) = ab + ac is not in 
general true for a,b,ce [0, n). 

Several open conjectures arc given in this book. 




Chapter Two 



S>H3al Interval Gwuroms 
ofTYpeIihng [0, n) 



In this chapter for the first time we introduce the new class 
of non associative groupoids of infinite order using the real 
interval [0, n); n < go. Such study is very new and this gives 
infinite number of infinite order groupoids by using only 
interval [0, n), (n < go). 

All of them are distinct. Whether they can satisfy any of the 
special identity happens to be an open problem. However in Z n 
when we constructed groupoids several of them satisfied many 
special identities. But this is not true in general when [0. n) is 
used instead of Z n . 

We define special interval groupoids of type I in this 
chapter and analyse several interesting properties about them. 

Definition 2.1: Let { G , *} = {[0, n), n < <x>, a* b = at + bs 
(mod n) for all a, b € [0, n); and s, t e Z„j. (G, *) is defined as 
a special interval groupoid of type I of infinite order. 
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Example 2.1: Let {G, *} = {[0, 7), (3, 4), *} be the special 

interval groupoid of infinite order of type I. 

Example 2.2: Let {G, *} = {[0, 12), *, (3, 7)} be the special 

interval groupoid of type I and of infinite order. 

Example 2.3: Let {G, *} = {[0, 16), *, (11, 7)} be the special 

interval groupoid of type I of infinite order. 

Example 2.4: Let {G, *} = {[0, 43), *, (2, 16)} be the special 

interval groupoid of type I of infinite order. 

Example 2.5: Let {G, *} = {[0, 25), *, (7, 18)} be the special 

interval groupoid of type I of infinite order. 

We have seen some examples of special interval groupoids 
of type I. All these groupoids are of infinite order. 

Can we have special interval subgroupoids of type I of finite 
order? 

The answer is yes. We will first give examples of them. 

Example 2.6: Let {G, *} = {[0, 9), *, (3, 2)} be the special 

interval groupoid of type I. Clearly H = {Z 9 , *, (3, 2)} c {G, *} 
is a special interval subgroupoid of order 9. 

Likewise K = {{0, 1, 0.5, 2.5, 2, 3.5, 3, ..., 8, 8.5} <= [0, 9), 
*, 3, 2} c {G, *} is also a special interval subgroupoid of finite 
order. 

Let a = 3.5 and b = 7.5 e K. 
a * b = 3.5 * 7.5 

= 3 (3.5) + 3 (7.5) 

= 10.5 + 15.0 (mod 9) 

= 25.5 (mod 9) 

= 7.5 (mod 9) is in K. 



We see order of K is finite. 
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Let T = { {0, 0.1, 0.2, 0.3, ...,0.9, 1, 1.1, 1.2, ..., 8, 8.1, 8.2, 
..., 8.9} c; [0, 9), *} c {G, *} be a special interval subgroupoid 
of finite order. 

Let x = 3.5 and y = 7.6 e T, x * y = 3.5 * 7.6 
= 3 (3.5) + 2 (7.6) (mod 9) 

= 10.5 + 15.2 (mod 9) 

- 25.7 (mod 9) 

= 7.7 (mod 9) e T. 

We further see (G, *) is not commutative. 

Now let x = 3.21 and y = 6.105 e (G, *). 

Consider x * y = 3.21 * 6.105 

= 3.21 x 3 +6.105 x 2 (mod 9) 

= 9.63 + 12.210 (mod 9) 

= 21.840 (mod 9) 

= 3.840 (mod 9) ... I 

Now y * x =6.105*3.21 

= 6.105 x 3 + 3.21 x 2 
= 18.315 + 6.42 (mod 9) 

= 24.735 (mod 9) 

= 6.735 (mod 9) ... II 

Clearly I and II are not equal. Hence (G, *) is a non 
commutative groupoid of type I. 

It is easily verified (G, *) is a non associative groupoid. 

For let x = 3.1, y = 2 and z = 5.6 e (G, *); 

(x * y) * z = (3.1 * 2) * (5.6) (mod 9) 

= (3.1 x 3 + 2x2) *5.6 
= (9.3 + 4) *5.6 
= 4.3 * 5.6 
= 4.3 x 3 + 5.6 x 2 
= 12.9+ 11.2 
= 3.9 + 2.2 

= 6.1 (mod 9) ... I 




Groupoids of Type I and II using [0, n) 



Consider 

x * (y * z) =3.1 * (2 * 5.6) 

= 3.1 *(3x2 + 5.6 x 2) 

= 3.1 * (6 + 11.2) 

= (3.1 * 17.2) (mod 9) 

= (3.1 *8.2) (mod 9) 

= 3.1 x3 + 8.2x2 
= 9.3 + 16.4 
= 0.3 + 7.4 

= 7.7 (mod 9) ... II 

I and II are distinct hence (x * y) * z + x * (y * z) in general 
for x, , z g (G, *). 

Example 2.7 : Let {G, *} = {[0, 11), *, (3, 8)} be the special 
interval groupoid of type I. 

{H, *} = {Zn, *, (3, 8)} c {G, *} is a special interval 
subgroupoid of type I finite order. 

{K, *} = {{0, 0.5, 1.0, 1.5, 2, ..., 10.5} c= [0, 11), *, (3, 8)} 
c { G, * } be the special interval subgroupoid of type I of finite 
order. 

{T, *} = {{0, 0.1, 0.2, ..., 0.9, 1, 1.1, ..., 1.9, 2, ..., 10.1, 
10.2, 10.3, ..., 10.9} c {[0, 11), *, (3, 8)} c {G, *} be a special 
interval subgroupoid of finite order of type I. 

However {G, *} is a special interval groupoid of infinite 
order of type I. 

Example 2.8: Let (G, *) = {[0, 18), *, (3, 6)} be the special 
interval subgroupoid of infinite order of type I. (G, *) has zero 
divisors. For take let x = 6 and y = 3 e (G, *). 

x *y_6*3 = 3x6 + 6x3 = 0 (mod 18) (G, *) is a zero 
divisor. 
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Let x = 6 and 9 = y e (G, *);x*y = (6*9) = 6x3 + 9x6 
= 18 + 54 = 0 (mod 18) is again a zero divisor of (G, *). 

Example 2.9: Let (G, *) = {[0, 12), *, (3, 4)} be a special 
interval groupoid of type I of infinite order. 

Let x = 4 and y = 6 e (G, *). x*y = 4x3 + 6 + 4 = 0 (mod 
12) is a zero divisor in (G, *). Let x = 4 and y = 4 e (G, *); 
x*y = 3x + 4y = 3x4 + 4x4 = 4isan idempotent in (G, *). 
(G, *) has idempotents and zero divisors. (G, *) has special 
interval subgroupoids of finite order and infinite order. 

Example 2.10: Let (G, *) = {[0, 16), *, (4, 8)} be a special 
interval groupoid of infinite order of type I. 

x = 4 and y = 6 e (G, *) is such that 
x*y = 4*6 = 4x4 + 6x8 = 0 (mod 16) is a zero divisor 
in (G, *). 

Likewise we can have several zero divisors in (G, *). 

Pi = {Z 6 , *, (4, 8)} c (G, *) is also a special interval type I 
subgroupoid of finite order. 

P 2 - {{0, 0.5, 1, 1.5, ..., 15.5} c [0, 16), *, (4, 8)} c (G, *) 
is a special interval type I subgroupoid of finite order. 

4 e (G, *) is such that 4 * 4 = 4 x 4 + 8 x 4 = 0 (mod 16) is 
a nilpotent element of order two in (G, *). 

Thus (G, *) has idempotents, zero divisors and nilpotents. 

P 3 = {{0, 0.1, 0.2, ..., 0.9, 1, 1.1, ..., 1.9, ..., 15, 15.1, 15.2, 
..., 15.9}, *, (4, 8)} c (G, *) is a special interval subgroupoid of 
finite order of type I. 



Example 2.11: Let (G, *) = {[0, 19), *, (0, 6)} be the special 
interval type I groupoid of infinite order. 
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We see for every x g (G, *) is such that x * 0 = 0 and 
0 * x = 6x (mod 19). So even zero is only a one sided zero 
divisor in (G, *). 

(G, *) has no other zero divisors for 
x * y * 0, if x, y g G \ {0}. 

Study of zero divisors, units, idempotents and nilpotents in 
(G, *) where [0, n) is used and n-prime is left as an open 
conjecture. 

Example 2.12: Let (G, *) = {[0, 3), *, (2, 1)} be the S-special 
interval groupoid of type I of infinite order. 

Let x = y = 2 g G, 

x*y = 2*2 = 2x2 + 2xl (mod 3) = 4 + 2 = 0 (mod 3). 

2 is a nilpotent element of order two. 

1 g (G, *) is also nilpotent of order two for 
l*l=2xl + lxl = 3 = 0 (mod 3). 

Further x = 1 .4 and y = 0.2 e G is such that 
x * y = 1.4 x 2 + 0.2 x 1 = 2.8 + 0.2 = 0 (mod 3) is a one 
side zero divisor in G. 

Let x g G, we have unique y g G such that 
x*2+l*y = 0 (mod 3). 

For if x = 2.1037 then y = 1.7926 g G is such that 
x * y = 2.1037 x 2 + 1.7926 

= 4.2074 + 1.7926 = 6.0000 = 0 (mod 3) 
is only one sided zero divisor. 

For consider 

y * x = 1.7926 x 2 + 2.1037 

= 3.5852 + 2.1037 = 2.6889 (mod 3) 
is not a zero divisor. 
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However x * y = 0 does not in general imply y * x = 0, that 
is, y * x & 0. 

The interesting problem is find right zero divisors which are 
also left zero divisors. 

Example 2.13: Let (G, *) = {[0, 21), *, (3, 7)} be a special 
interval groupoid of type I of infinite order. 

We see if x = 7 and y = 3 then 
x*y=7*3=7x3+3x7=0 (mod 21). 

Let x = 14 and y = 3 e (G, *) 
x * y = 14 * 3 

=4x3+3x7=0 (mod 21). 

Consider 3x7 = 3x3 + 7x7 = 9 + 49 = 58 + 0 (mod 21). 

So y = 3 and x = 7 is only a zero divisor and not a two sided 
zero divisor. 

Example 2.14: Let (G, *) = {[0, 27), (1, 26), *} be a special 
interval groupoid of type I of infinite order. 

Let x = 2 and y = 2 e (G, *); 

x*y=lx2 + 26x2 = 2 + 52 = 54 = 0 (mod 27). 

Similarly y * x = 0. Thus x,ye (G, *) is such that it is zero 
divisor infact the nilpotent of order two. 

Every x e Z 2 7 is such that it is nilpotent of order two. 

Example 2.15: Let {G, *} = {[0, 6), *, (5, 1)} be a special 
interval groupoid of infinite order of type I. Every element 
x e Z 6 is a nilpotent element of order two. 



Apart from this (G, *) has zero divisors. 
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Example 2.16: Let (G, *) = {[0, 23), *, (22, 1)} be the special 
interval groupoid of type I of infinite order. 

Clearly (G, *) is a non commutative groupoid. 

Every x g Z 23 in (G, *) is such that x * x = 0 (mod 23); thus 
every element is nilpotent of order two in (G, *). 

In view of all these we give the following theorem the proof 
of which is left as an exercise to the reader. 

THEOREM 2.1: Let (G, *) = {[0, n), * (n-1, 1)} be the special 
interval groupoid of type I of infinite order. ( G, *) has atleast 
(n-1) nilpoten t elements of order two. 

Proof: We just hint for every x g Z n is such that 
x * x = (n- 1 ) x + x = nx = 0 (mod n) is nilpotent of order two. 

Corollary: Let {G, *} = {[0, n), *, (1, n-1)} be the special 

interval groupoid of type I of infinite order. Every x e Z n is a 
nilpotent element of order two in G. 

Example 2.17: Let (G, *) = {[0, 10), *, (9, 1)} be the special 
interval groupoid of type I. (G, *) is of infinite order. 

Let x g (G, *); there exists a unique y such that x * y = 0 
(mod 10 ). 

However y * x ^ 0. Thus we have one sided zero divisors. 
Let x = 4.3 g [0, 10); 

x*y = 4.3x9+lxy 

= 38.7 + y = 0 (mod 10) implies y = 1.3 g [0, 10). 

Thus for every x g [0, 10) we have a y g [0, 10) such that 
x * y = 0 , however y * x ^ 0 . 



Example 2.18: Let (G, *) = {[0, 27), *, (26, 1)} be the special 
interval groupoid of type I of infinite order. 
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Every x e Z 2 7 is nilpotent of order two, but (G, *) has right 
zero divisors which are not left zero divisors. 

For if x = 1.2 e (G, *) we have a y e(G, *) such that 

x*y=1.2*y = 1.2x26 + y = 0 (mod 27) = 31.2 + y = 0 
(mod 27). 

This implies y = 22.8 is such that x * y = 0 (mod 27). 

Clearly y * x = 22.8 * 1.2 
= 22.8 x 26+ 1.2 
- 0 (mod 27). 

Thus x*y = 0 = y*xisa zero divisor. 

Now the problem lies in the fact if given x, does the y in 
(G, *) such that x * y = y * x = 0 where the elements are from 
(G, *) = {[0, n), *, (n-1,1)}. 

However we see x * y + y * x even if 
(G, *) = {[0, n), *, (n-1, 1)}. 

For take (G, *) = {[0, 8), *, (7, 1)} to be the special interval 
groupoid of type I of infinite order. Fet x = 0.8 

x*y = 7x0.8 + y = 0 (mod 8) 

= 5.6 + y = 0 (mod 8). 

This leads to y = 2.4. 

Thus x * y = 0.8 * 2.4 
= 7 x 0.8 + 2.4 x 1 
= 5.6 + 2.4 
= 8 = 0 (mod 8). 

Thus x * y = 0 

Consider y * x = 2.4 * 0.8 
= 2.4x7 + 0.8 x 1 
= 16.8 + 0.8 

= 0.8 + 0.8 = 1.6 + 0 (mod 8). 



I 
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Thus x * y = 0 but y * x + 0. Hence we cannot in general 
say if (G, *) = {[0, n), *, (n-1, 1) (or (1, n-1)}; x * y = 0 (mod 
n) does not imply y * x = 0 (mod n). 

In some special cases it may so happen x * y = 0 imply 
y * x = 0. 

Thus it is left as an open problem to find the condition on n 
or on x and y so that x * y = 0 imply y * x = 0 for x, y in 
(G, *) = {[0, n), *, (n-1, 1) (or (1, n-1)}. ' 

Example 2.19: Consider (G, *) = {[0, 16), *, (15, 1)} to be the 
special interval groupoid of infinite order of type I. 

Let x = 0.8 and y e (G, *); 
x * y = 15 x 0.8 + y = 0 (mod 16). 

This gives y = 4 so that x * y = 0 (mod 16). 

But however y * x = 4 * 0.8 
= 15x4 + 0.8 x 1 
= 60 + 0.8 = 60.8 * 0 (mod 16). 

Thus x * y + y * x and y * x is not a zero divisor only x * y 
is a zero divisor. 

Example 2.20: Let (G, *) = {[0, 15), *, (14, 1)} be the special 
interval groupoid of type I of infinite order. 

Let x = 0.8 e (G, *) we can find y in [0, 15) so that 
x * y = 0.8 x 14 + y .1 = 0 (mod 15) 

= 1 1.2 + y = 0 (mod 15) implies y = 3.8. 

x * y = 0.8 * 3.8 
= 0.8 x 14 + 3.8.1 
= 11.2 + 3.8 
= 15 = 0 (mod 15). 
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Consider y * x = 3.8 * 0.8 
= 3.8 x 14 + 0.8 x 1 
+ 0 (mod 15). 

Thus only x * y is a zero divisor but y * x ^ 0. 

Example 2.21: Let (G, *) = {[0. 24), (8, 4), *} be a special 
interval groupoid of infinite order of type I. 

{G, *} has also finite subgroupoids. 

Pt = {Z 24 , * (8, 4)} c {G, *}, 



P 2 - {{0, 0.5, 1, 1.5, 2, ..., 23, 23.5} c= [0, 24), *, (8, 4)} c= 

{G, *}, 

P 3 - {{0, 0.2, ,0.4, 0.6, 0.8, 1, 1.2, 1.4, ..., 23, 23.2, 23.4, 
..., 23.8} c [0, 24), *, (8, 4)} c {G, *} and 

P 4 = {{0, 0.1, 0.2, ...,0.9, 1, 1.1, 1.2 1.9, 2, 2.1, ...,23, 

23.1 23.9} cr [0, 24), *, (8, 4)} c {G, *} are four special 

interval subgroupoids of finite order. 

Let x = 3 and y = 6e (G, *) we see 

x*y = 3*6 = 3x8 + 6x4 = 0 (mod 24); but 

y*x = 6*4 = 6x8 + 4x3=12 (mod 24). 

Thus x * y = 0 but y * x ^ 0 hence x is only a one sided zero 
divisor and not a two sided zero divisor. 

But x = 6 g (G, *) is a nilpotent element of order two. 

Similarly y = 12 is also a nilpotent element of order two. 

Also z = 18 g (G, x) is a nilpotent element of order two. 

Consider x = 1.2 g (G, *). 

Suppose x * y = 0 what is that y for this x = 1.2 
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x * y = 1.2 * y 

= 8 x 1 .2 + 4y 
= 9.6 + 4 x 3.6 
= 9.6 + 14.4 
= 24.0 (mod 24). 

Thus y = 3.6 leads to x * y = 0. 

Consider y * x = 3.6 * 1.2 

= 3.6x8 + 1.2x4 
= 2.88 + 4.8 
= 88 (mod 24) 

y * x ^ 0. Hence x is only a one sided zero divisor. 

If x = 12 and y = 6 e G then x*y = y*x = 0 (mod 24). 
Thus x is a zero divisor of y and y is a zero divisor of x. 
However both x and y are nilpotents of order two. We see 
(G, *) has both nilpotents, one sided zero divisors and zero 
divisors. 

Several questions remain open. 

Can we say in (G, *) = {[0, n), *, (t, s); n non prime t and s 
divisors of n}; every element is a one sided zero divisor? 

THEOREM 2.2: Let fG, *J - {[0, n), *, (s, t)j be the special 
interval groupoid of type I. If x * y = 0 and y * x ^0 in fG, *} 
then y * x = 0 in the groupoid fG', *} - ([0, n), *, (t, s)j of type 

I. 



Proof is direct and hence left as an exercise to the reader. 

Corollary: If x e{G, *} is nilpotent then x e {G\ *} is also 
nilpotent, {G\ *} as in Theorem 2.2. 

Example 2.22: Let (G, *) = {[0, 42), *, (17, 13)} be the special 
interval groupoid of infinite order of type I. 
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Mi = {Z 42 , *, (17, 13)} c (G, *) is a special interval 
subgroupoid of G of finite order of type I. 

M 2 = {{0, 0.5, 1, 1.5, 2, 2.5, ..., 41, 41.5} c= [0, 42), *, (17, 
13)} c (G, *) is also a special interval subgroupoid of G of 
finite order. All these groupoids of type I are of infinite order 
and none of them is commutative. 

We now give examples of commutative special interval 
groupoids of type I of infinite order. 

Example 2.23: Let {G, *} = {[0, 9), *, (4, 4)} be the S-special 
interval groupoid of type I. Clearly (G, *) is commutative. 

For if 2, 3 e (G, *), 

2*3=4x2+ 4.3 (mod 9) = 8 + 12 (mod 9) = 2 ... I 

Now 3*2 = 3x4 + 2x4=12 + 8 (mod 9) = 2 ... II 

We can show (G, *) is commutative but is not associative. 

For take x = 4, y = 3 and z = 1.2 e (G, *); 

(x * y) * z = (4 * 3) * 1.2 
= (4x4 + 3 x 4) * 1.2 
= (16+ 12)* 1.2 (mod 9) 

= 1 * 1.2 
= 4xl + 1.2x4 
= 4 + 4.8 

= 8.8 ... I 



Now x * (y * z) = 4 * (3 * 1.2) 
= 4*[3x4 + 4x 1.2] 

= 4* (12 + 4.8) (mod 9) 

= 4*7.8 
=4x4+4x78 
= 16 + 31.2 (mod 9) 

= 47.2 (mod 9) 

= 2.2 



II 




22 | Groupoids of Type I and II using [0, n) 



Clearly I and II are distinct. Hence (G, *) is a non 
commutative groupoid of type I of infinite order. 

Example 2.24: Let (G, *) = {[0, 17), *, (5, 5)} be the special 
interval groupoid of type I of infinite order. 

Let x = 3 and y = 4 e (G, *). 
x * y = 3 * 4 
=3x5+4x5 (mod 17) 

= 15 + 20 (mod 17) 

= 1 ... I 

y * X = 4 * 3 

-4 x5+3x5 
= 20+15 

= 1 ... II 

x * y = y * x; so (G, *) is the commutative special interval 
groupoid of infinite order of type I. 

Let x = 1.5, y = 2.1 and z = 5 be as in {G, *}. 

(x * y) * z = (1.5 * 2.1) * z 
= (1.5x4 + 2.1 x4)*z 
= (6 + 8.4) * z 
= 14.4 * z 
= 14.4 x 4 + 5 x 4 
= 57.6 + 20 (mod 17) 

= 77.6 (mod 17) 

= 9.6 ... I 

x * (y * z) = x * (2. 1 * 5) 

= x * (2.1 x 4 + 5 x 4) 

= x * (8.4 + 20) 

= 1.5 * 11.4 
= 1.5x4+ 11.4x4 
= 6 + 45.6 
= 51.6 (mod 17) 

= 0.6 



II 
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Clearly I and II are distinct so (G, *) is commutative but 
clearly a non associative special interval groupoid. 

Example 2.25: Let (G, *) = {[0, 27), *, (11, 11)} be the special 
interval groupoid of type I of infinite order. 

Clearly (G, *) is commutative and non associative. 

Inview of all these we have the following theorem. 

Theorem 2.3: Let (G, *) = {[0, n), *, (t, t), t <=z n \ {0, ljj be 
the special interval groupoid of type I. ( G, *) is commutative 
and of infinite order but non associative. 

The proof is left as an exercise to the reader. 

Next we proceed onto describe S-special interval groupoids 
of type I. 

Let {G, *} = {[0, n), *, (t, s)} be a special interval groupoid 
of type I. (t, s e Z n ). 

If {G, *} contains a non empty subset P such that {P, *} is a 
semigroup then (G, *) is defined as a Smarandache special 
interval groupoid of type I. 

We will give examples of S-special interval groupoid of 
type I. 

Example 2.26: Let {G, *} = {[0, 6), *, (4, 5)} be the special 
interval groupoid. 

(G, *) is a S-special interval groupoid as P = {0, 3} c (G, *) 
is only a semigroup. 



For 3*3 =4x3 + 5x3 

= 3 (mod 6) 

so P = {3} is a semigroup. 
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Example 2.27: Let {G, *} = {[0, 8), *, (2, 6)} be the special 
interval groupoid of type I. {G, *} is a S-special interval 
groupoid as P = {0, 4} c {G, *} is a semigroup. 

Example 2.28: Let {G, *} = {[0. 12), *, (1, 3)} be the special 
interval groupoid of type I. {G, *} is a S-special interval 
groupoid of type I. 

Now we define all special properties related with special 
interval groupoids of type I. 

Let {G, *} be a S-special interval groupoid of type I. A 
Smarandache special left ideal A of the S-special groupoid 
(G, *) satisfies the following conditions. 

(i) A is a Smarandache special subgroupoid of { G, * } . 

(ii) x g (G, *) and a g A then xa g A. 

Similarly we can define S-special right ideals. 

A is a S-special ideal if {G, *} is both a S-special right ideal 
as well as S-special left ideal of (G, *). 

A S-special subgroupoid V of {G, *} is said to be 
S-seminormal special groupoid of {G, *} if aV = X for all 
a g {G, *}. 

Va = Y for all a g G where either X or Y is a S-special 
subgroupoid of G but X and Y are both S-special subgroupoids. 

We say {G, *} is a S-special normal groupoid if aV = X and 
Va = Y for all a g {G, *} where both X and Y are Smarandache 
special subgroupoids of G. 

We call two S-special subgroupoids H and P of type I to be 
Smarandache semiconjugate subgroupoids of G if 

(i) H and P are S-special subgroupoids of G. 

(ii) H = xP or Px or 
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(iii) P = xH or Hx for some xeG. 

We say the subgroupoids H and P of G are Smarandache 
conjugate subgroupoids of G if 

(i) H and P are Smarandache subgroupoids of G. 

(ii) H = xP or Px and 

(iii) P = xH or Hx. 

We will describe this by some examples. 

Example 2.29: Let {G, *} = {[0, 6), *, (4, 5)} be a S-special 
interval groupoid of type I. 

Let A = {1, 3, 5} c {G, *} be a S-special interval 
subgroupoid. 

Now aA = A for all a in T = {Z 6 , *, (4, 5)}, a S-groupoid of 
(G, *). 

But Aa = {0, 2,4} cT is not a S-subgroupoid of G. 

Hence A is a weakly S -seminormal subgroupoid of 
T c (G, *). 

We see in case of S-special interval groupoids it is difficult 
to get the concept of S-seminormal subgroupoid of 
{G, *} = {[0, n), *, (t, s); t,se Z n } so only we are forced to get 
weakly S-seminormal subgroupoid concept. 

The study of finding S -seminormality is a very difficult 
problem. 

Now it is pertinent to keep on record that we cannot have 
the concept of S-normal groupoid in case of S-special interval 
groupoids. 

We can have only the notion of weakly S-special interval 
normal groupoid. 
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Example 2.30: Let {G, *} = {[0, 8), *, (2, 6)} be the S-special 
interval groupoid of type I. 

A = {0, 2, 4, 6} c {Z 8 , *, (2, 8)} = G is a weakly 
Smarandache normal subgroupoid of G relative to T. 

We see aA = A for all a e T and Aa = A for all aeT, 

Example 2.31: Let {G, *} = {[0, 8), *, (2, 4)} be the S-special 
interval groupoid of type I. T = {Z 8 , *, (2, 4)} be a S- 
subgroupoid of { G, * } . 

P = {0, 3, 2, 4, 6} and Q = {0, 2, 4, 6} are both S-special 
subgroupoids of (G, *). 7P = Q so P and Q are weakly S- 
semiconj ugate special subgroupoids of G. 

Example 2.32: Let (G, *) = {[0, 12), (1, 3), *} be the S-special 
groupoid of type I of infinite order. Consider Ai = {0, 3, 6, 9} 
and A 2 = {2, 5, 8, 1 1 } be any two S-special subgroupoids of G. 



A, = 3An = {0, 3, 6, 9} and A, = 2A, = 2 {0, 3, 6, 9} = {2, 
5,8, 11}. 

We see A! and A 2 are S-groupoids. T = {Z 12 , *, (1, 3)} c 
{G, *}. {G, *} has S-special conjugate weakly subgroupoids. 

We can have several such examples. This work of finding 
examples is left as an exercise to the reader. 

Next we now proceed onto introduce the notion of 
Smarandache quasi special interval strong Moufang groupoid, 
Smarnadache quasi special interval Moufang groupoid, 
Smarandache quasi special interval strong Bol groupoid and so 
on. 



We will define this and express this by some examples. 

Let {G, *} = {[0, n), *, (t, u), t, u e Z n j be the S-special 
interval groupoid of type I. 




Special Interval Groupoids of Type I using [0, n) 



We say a S-special interval groupoid of type I to be a S- 
special quasi interval strong Moufang groupoid if 
T = {Z n , *, (t, u)} cr {G, *} and if T is a S-strong Moufang 
groupoid. 

We will illustrate this situation by some examples. 
Likewise we can define S-special quasi interval Moufang 
groupoid. 

We will give examples of them. 

Example 2.33: Let {G, *} = {[0, 10), *, (5, 6)} be the 

Smarandache special interval groupoid of type I. 

T = {Z 10 , *, (5, 6)} c {G, *} is a S-special interval 
subgroupoid of G. 

We see T is a Smarandache strong Moufang groupoid as the 
Moufang identity; 

(x * y) * (z * x) = [x * (y * z)] * x is true for 
x, y, z e (G, *). 

(x * y) * (z * x) = (5x * 6y) * (5z + 6x) 

= 5 (5x + 6y) + 6 (5z + 6x) 

= x. 

[x * (y * z)] * x = [x * (5yy + 6z)] * x 
= [5x + 6 (5y + 6z)] * x 
= (5x + 6z) * x 
= 5 (5x + 6z) + 6x 
= 5x + 6x 
= x. 

We define {G, *} to be a S-quasi special strong Moufang 
interval groupoid. 

Thus a S-special interval groupoid of type I is a 
Smarandache strong special interval Moufang groupoid if 
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T = {Z n , *, (t, s)} c {[0, n), *, (t, 0)} is a S-strong Moufang 
groupoid. 

{G, *} = {[0, 10), *, (5, 6)} is a S-quasi special interval 
strong Moufang groupoid of type I. On similar lines we define 
the notion of S-quasi special interval Moufang groupoid of type 

I. 



Let {G, *} = {[0, n), *, (t, u) } be a S-special interval 
groupoid. We define {G, *} to be a S-quasi special interval 
Moufang groupoid of type I if {Z n , *, (t, u} c {G, *} is a S- 
Moufang groupoid. 

To this end we give a few examples. 

Example 2.34: Let {G, *} = {[0, 12), *, (3, 9)} be the S-special 
interval groupoid of type I. Consider T = {Z [2 , *, (3, 9)}, 
subgroupoid of { G, * } . 

T has S-subgroupoids which satisfy Moufang identity and 
also S subgroupoids which do not satisfy the Moufang identity. 

For Ai = {0, 4, 8} and A 2 = {0, 3, 6, 9} c: T are S- 
subgroupoids of T and A 2 does not satisfy the Moufang identity 
but A[ satisfies the S-Moufang identity, so T is only a S- 
Moufang groupoid which is not a S-strong Moufang groupoid. 
Flence {G, *} is a S-special quasi interval Moufang groupoid of 
type I which is not a S-special quasi interval strong Moufang 
groupoid of type I. 

Now we can define the notion of S-special interval quasi 
Bol groupoid of type I and S-special interval quasi strong Bol 
groupoid of type I. 

If in {G, *} = {[0, n), *, (t, u) } the S-special interval 
subgroupoid. T = {Z n , *, (t, u) } is a Smarnadache strong Bol 
subgroupoid then we define {G, *} to be a S-special interval 
quasi strong Bol groupoid. 
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If T is only a S-Bol subgroupoid of {G, *}; then we define 
{G, *} to be a S-special interval quasi Bol groupoid. 

Example 2.35: Let {G, *} = {[0, 12), *, (3, 4)} be the S-special 
interval groupoid of type I. {G, *} is of infinite order. 

{Z 12 , *, (3, 4)} c {G, *} is a S-special interval groupoid 
which is a S -strong Bol groupoid. 

Hence {G, *} is a S-special quasi interval strong Bol 
groupoid of type I. 

Consider the following example which is not a S-special 
quasi interval strong Bol groupoid. But only a S-quasi interval 
Bol groupoid of type I. 

Example 2.36: Let {G, *} = {[0, 4), *, (2, 3)} be the S-special 
interval groupoid of type I. 

Let A = {0, 2} c:{Z 4 , *, (2, 3)} c (G, *); satisfy the Bol 
identity, but all elements in Z 4 does not satisfy Bol identity 
hence {Z 4 , *, (2, 3)} c {G, *} is not a S-strong Bol groupoid 
only a S-Bol groupoid so {G, *} is only a S-quasi special 
interval Bol groupoid of type I. 

Example 2.37: Let {G, *} = {[0, 13), *, (7, 7)} be the S-special 
interval groupoid of type I. {G, *} is a S-special quasi strong 
interval idempotent groupoid of type I. 

Example 2.38: Let {G, *} = {[0, 17), *, (9, 9)} be the S-special 
quasi interval idempotent groupoid of type I. 

Example 2.39: Let {G, *} = {[0, 12), *, (4, 9)} be a S-special 
interval groupoid of type I. {G, *} is a S-quasi special interval 
strong Moufang groupoid of type I. 



Inview of this we give the following theorem. 




